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A Theory of Supersonic Flow past Steady and Oscillating
Blunt Bodies of Revolution

S. 8-H. Cuang*
Lockheed Missiles & Space Company, Sunnyvale, Calif.

This paper presents a new method of series truncation. The technique is to locate the
singularities in the complex plane and then, by using a suitable transformation, to map them
away from the region of interest. The method is applied to supersonic flow over both steady

and oscillating blunt bodies of revolution.

The steady blunt-body solution is obtained by

using an inverse method of series truncation with the computation carried out to the third
truncation. The steady solution presented yields almost four-figure accuracy throughout the
subsonic region, in comparison with known exact solutions. The oscillating blunt-body
problem is solved by using a direct method of series truncation with the computation carried
out to the second truncation. Two types of motion are considered: ‘‘plunging®® oscillation
and “lunging”® oscillation. The oscillation amplitude is assumed to be small; otherwise, .
within the validity of the governing differential equations, no other restriction is made.

Nomenclature
B = bluntness of conic section [see Eq. (1)]
C =1-—-2B
C,C; = parameters
F,f = functions associated with perturbed shock wave
G,y = functions associated with perturbed body surface
K,k = reduced frequency (referred to V./R)
M, = freestream Mach number
P = pressure (referred to p,Vs?)
R, = nose radius of shock wave
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¢ time (referred to Ry/Ve)

uv,w = velocity components along £, 5, ¢ axes

14 = velocity (referred to freestream value V)
z,r = cylindrical polar coordinates

2 = dependent variable [see Eq. (11)]

« = parameter

v = adiabatic exponent

£me = curvilinear coordinate system [see Eq. (1)]
o = density (referred to freestream value p,)

€ amplitude parameter

Superscripts and Subscripts

Cy

ordinary differentiation

&n,¢ = partial differentiation

b = body surface

R,] = real part and imaginary part of complex function

0,0 = functions or parameters associated with steady solution
1,1j = functions or parameters associated with perturbed

solution
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1. Introduction

THE simple blunt-body problem has been extensively

investigated. Practically every American aerospace
establishment has a machine program for computing blunt-
body flows. DBut, in spite of a wide diversity of methods,
there is no real satisfaction with the results because they
suffer from marginal accuracy near the sonic line. Van
Dyke! has pointed out that the difficulty of the various nu-
merical methods arises from the fact that there is a singu-
larity upstream of the flowfield; as a consequence, the radius
of convergence no longer includes the entire body surface
in the subsonic region. The first objective of this paper is to
develop a technique for locating the singularity, and a suit-
able transformation to map the singularity away from the
region of interest. The success of this technique and trans-
formation is demonstrated by obtaining a truncated series
that converges over the entire body surface in the subsonic
region.

The second objective is to study flowfield disturbances in
the subsonic region of supersonic flows over oscillating blunt
bodies of revolution. The problem is of considerable interest
in connection with manned and unmanned space vehicle de-
sign, particularly with regard to the effect of flowfield dis-

- turbances emanating from unsteady periodic motion due
to gust loading, elastic deformation, structural vibration,
engine-induced vibration, and their interaction with the
automatic guidance and stability system. Such information
is useful for estimating local stress distribution, panel loading,
trajectory deviation, dynamic stability, and the like.

Hsu and Ashley? have suggested a number of computational
methods for obtaining unsteady surface pressure on blunt-
nosed missiles, but have presented no results. Kennet® has
used a constant-density approximation to compute aero-
dynamic loads on a blunt-nosed missile performing small-
amplitude harmonic oscillation in a hypersonic stream. In
that analysis he has assumed that the detached shock wave
is concentric with the body surface, that the lateral velocity
in the steady solution is linear along the body surface, and
that the flow is quasi-steady. Telenin and Lipnitskiit have
applied small-perturbation theory to determine the non-
stationary and quasi-steady supersonic flow around a blunt
body performing a small angular -oscillation (pitehing).
Sauerwein®® has developed a general program that employs
the method of characteristics to compute the flowfield of
arbitrary multidimensional and unsteady flow; however,
he has given no specific applications with his numerical results.

In this paper the oscillation amplitude is assumed to be
small; otherwise, within the validity of the governing
differential equations, no other restrictions are made. The
amplitude restriction can be removed if the analysis is ex-
tended to higher orders. The extension, although lengthy,
is straightforward.

2. Formulation of the Problem

The coordinate system adopted here is that developed by
Van Dyke.” Let a detached shock wave be described by a
conic section. Then, in cylindrical polar coordinates origi-
nating from its vertex (Fig. 1), any such shock wave may be
described by

12 = 2Rgx — Bax?

where B is the bluntness parameter. The bluntness is zero
for a paraboloid, negative for hyperboloids, positive for
ellipsoids, and unity for a sphere. An orthogonal coordinate
system (£,77), containing the shock wave as one of the coordi-
nate surfaces, is introduced by setting

o/Ra = (1/B)[1 — (1 — BEYYV2(C + By?)'2]
r/Ra = & (1a)
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Fig. 1 Conic-section coordinate system.

where C = 1 — B. A special case is the paraboloid with
z/Bg, = 3(1 + £ — %) for B =10 (1b)

The shock wave is described by n = 1. Let the azimuthal
angle, ¢, be the third orthogonal coordinate; then the
differential line element, ds, is given by

ds\? C;Ez_j'_lz 2 M 2 2 2
(Rsk) =1 pg W'+ g g, @0+ E'de)

2.1 Equation for Rigid Body Motion

Let the body oscillate harmonically with small amplitude
in a space-fixed Newtonian frame with respect to which the
freestream has a uniformm velocity V.. The equations
deseribing the plunging motion of the body and of the shock
wave to the first order in the amplitude of oscillation are
respectively given by (Fig. 2)

GlEmL) = 7 — {no(8) + Relg(®) cospeett + ... 1} =0 (2)
and
F(Emt) = n — {1 + Re[f(£) cospeerst + . .

where

=0 3

g(&) = &E(C + BnoH)/[CE + no’]

Here 70(£) is an even function of £ which describes the shape
of an axisymmetric body, f(£) is an unknown function, and
Re indicates the real part only.

2.2 Differential Equations

Let all lengths be referred to the nose radius of the shock
wave R, velocities to the freestream speed V..; density to
the freestream value p.; and pressure to p.V.2 Then the
differential equations in the (£,7,¢) coordinate system may
be written as follows:

op |, 1(C + Bp)(1 — Bg)]lﬂ{[ (‘:’52_+173>1/2 ]
ot T mcE e N

2 2\ 1/2
(i) ),
C& + ¢t B
[(1 — BE)(C + BnZ)mpw]J =0 (4a)

dou 1 — Bg\w2 CE
ot (052 ¥ n2> [”“5 T

C + Bp*\2 1 >
(1 —Bsz> ”(“”+052+n2“ +

sz—i-nz)”zﬁ{ w1 ]=0 4b
(1—352 m T g™ )
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Fig. 2 Plunging
X displacement.
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w2
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ow 1 — Bg2\ue w C + Bp\
o+ (eerm) Lo 1] G

w 1
v[wn+;]+§’w¢+5};p¢= 0 (d)

{1 — B 2\ 1/2
2wl + (e 2E)" /e +

C Bn2\ V2 y
ey

w
]

These equations represent the conservation of mass, mo-
mentum, and entropy of a perfect gas.

In accordance with Eqs. (2) and (3), the dependent vari-
ables in Eqs. (4) may be written as follows:

(0/p")e =0 (4e)

pEmt) = po(&m) + GRelpi(En) cospee] + ... (5a)
p(Emt) = po(Em) + Relpu(E,n) cospee™] + ...  (5b)
u(Emt) = uo(§m + Relui(é,n) cospee®] + ... (5c)
v(Emt) = w(Em) + Reln(En) cospee] + ... (5d)
w(mt) = Qe [wi(£,n) sinpee™] + ... (5e)

where ( )o stands for the steady-state solution and { ) rep-
resents the unsteady perturbed and complex solution. By
substituting Eqs. (5) into Egs. (4) and equating the coeffi-
cients for like powers of € to zero, the leading terms are the
differential equations for the steady-state flow and the
second terms are the set of linear differential equations for
the first-order unsteady perturbation.

2.3 Boundary Conditions at the Shock Wave and
on the Body Surface

From the oblique shock wave relations the following bound-

ary conditions are obtained at the mean position of the shock
wave:

1) for the steady-state differential equations
po(§,1) = [2/(y + DI — BE)/(L + C&)] —
[y — D/(v + DI/ (¥MD)]  (6a)

po(§1) = [(vy — /(v + D1 + [2/(v + D] X
[+ CED/(1 — BEHI(L/ MY  (Bb)
uo(£,1) = £/ + Cenue (6¢)
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w(El) = — (1 = B'fz)m (V —1,

14 Cg vy+1
2 1408 1
y+11-Been:) 6D

2) for the ﬁrst-order unsteady differential equations

DR T
ol |- 2w @
rew! |~ igm], ., @

w(gl) = (11;0125)21/2 [7 i : (—1 + ]%”21 t gﬁi)gg -
i fgoszf] ~Ia bur V7O

_(LoBEYEf( 2 L 2-CF
n(§1) = (1 T C£2> [(7 + 1 M.?1 — Bg

r—1_1 052)f+—-—2 (1+i1+0$2)><

Y+ 11+ cCg Y+ I\ T M2i-BE

& L 14CE ] 2
[ + v g || = 7oy
(1 — B2 2 1 14cp
e (it ge)s @
The boundary condition on the body surface is given by
oG/t +V.VG@ =0 atG =0 ®

First, using the present coordinate system, then transferring
all variables from the body surface to the mean position of
the body surface and equating like powers of € to zero, one
obtains

C + Bpz\v2 1 — Bgr\»2
(052 + m?) o (052 + m”i) tormog = 0
atn = n(§) (9)

for the steady-state differential equations and

R C _l_ ‘\BT’ 2\ 1/2
—1ikg + (@T"I;) [lh + vong —

Cng(1 — BEY) ] 3 (}:ﬁ)m[ ( 3
€8 + 1€ + B ] T \Ce 02/ L“\®

Gol ) e | = 0 a7 =m0
{J

(7d)

=

wl(gyl) =

for the first-order perturbed differential equations.

3. Method of Scolution

3.1 Steady-State Solution

Van Dyke!7 has pointed out that in the inverse blunt—quy
problem a singular limiting line appears in the analytical
continuation of the series solution upstream of the bow
shock wave. He has suggested that convergence of the
series may be improved simply by choosing the independent
variable so that the singularities are removed far away.
from the domain of interest. For example, Swigart® uses a
power series expansion in £2 for all dependent variables t0
solve an inviseid supersonic flow around a blunt body at non-
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zero angle of attack. The resulting surface pressure dis-
tribution near the sonic line oscillates in successive trunca-
tion. Based on physical insight, Van Dyke® postulates two
singularities at £ = ==¢ in the complex plane and then intro-
duces an expansion in powers of £/(1 + £?) instead of £2
The resulting surface pressure in the second approximation is
correct to almost four significant figures throughout the sub-
sonic region.

Usually, when a series expansion is used for a set of non-
linear differential equations one knows neither the nature
nor the location of the singularities in the complex plane
which limit the convergence of the series. Van Dyke’s
approach can, then, be extended by introducing a parameter
« and by recasting the series in powers of a new variable

2= /1 + ol — g an

The roots in the denominator of the above expression may be
considered as the singularities in the complex plane. The
unknown parameter « is to be determined along with a nu-
merical solution of the differential equations in such a way
that an improved convergence of the series solution is ob-
tained within the region of interest.

In accordance with the initial conditions at the shock wave
the solutions are expanded as follows:

po(Em) = [1/(CE + 99 per(n) + poa(m)z® +
pax(mzt 4+ ...]1 (12a)

po(E,m) = (L — BE) [por(m) + poa(m)2® + paa(m)zt 4 ... 1 (12b)

(€ + By

uo(Eym) = E(CE + )i

[ua(m2z? + ue(m2t +
ua(nzt + ... 1 (12¢)

v(Em) = {1/[En(1 — BEYVH(CE + 92)12]} X
oz + voa(m2® + vas(m)e® + ... 1 (12d)

The above expansion simplifies not only the initial conditions
at the shock wave but also the governing differential equa-
tions and is selected after a systematic trial of several alterna-
tives.

If Egs. (12) are substituted into Eqgs. (4) (with 9/0f terms
omitted and w = 0) and the coefficients of like powers of z are
equated to zero, one obtains a set of nonlinear ordinary
differential equations in the following form:

Pos; Poj, Yo o7)
. Poi, P05 U04,Y07)
.+ Dai; PojUaj,Yes) + G013 Poj41)

+ Paj, P05, U0s,Yo7)

[ .

poi’ = f1(1; Doy, por,UoryVon, - - -
! .

poi’ = fa(n; Por,eon,Uor,v0n, .
ro__ .

uo;” = f3(1; Por, por,Yar, Vs, -

? .
vo;" = fa(n; Por,por,%on,voy, . .

(13)

forj = 1,2,3. Clearly it is not possible to solve these equa-
tions successively because the number of unknowns always
exceeds the number of the equations by one. This extra
unknown arises from the elliptic nature of the differential
equations and can be interpreted physically as the backward
influence within the subsonic region. Fortunately this extra
unknown is the surface pressure po;41 which appears only
in the differential equation for . When the velocity com-
ponent % is expanded in power series of z the error introduced
by neglecting this higher order term, po;i1, is small within
the subsonic region where z < 1. Furthermore, the velocity
component ¥ vanishes along the stagnation streamline and
has a small magnitude at the sonic point. Thus, the extra
unknown has very little influence on the solution and one
may set it equal to zero. The resulting differential equa-
tions may then be solved in succession. Note that, at the
shock wave 2 = £, the required initial conditions for Egs.
(13) are obtained by equating the coefficients of like powers
of z between Eqgs. (12) and (6).
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Because of axial symmetry, the equation for the body sur-
face may be written

770('?)' = No + Noe? + Mozt + . .. (14)

where 22 = £2/[1 4+ (1 — ne)£2], and 7 are constants and
are determined from the boundary condition on the body
surface. Once the shape of the body surface is known, the
steady-state solution on the body surface is readily obtained
by using a Taylor series expansijon from the n = 7 line to the
actual body surface. For example, the equation for the sur-
face pressure is given by

po = [1/(CE + 7e®))[Po + Po? + Poszt + ... ]
atn = n(z) (15)
where
Dor = Por, Doz = Poz + MozPor’

Poz = Poz + Mooz’ + NosPor’ + F102’por”
Expressions for other variables may be written in a similar
manner.

3.2 Plunging Oscillation

Expanding Eq. (2) in power series in z results in

70(2) + ®ellge + g22® + . . .) cospee™]  (16)

i

where
g = (C 4+ Bna®)/qn®
9 = glia ~ 90) — (C/n0%)] — 2Cn0s/701%)

This is the equation for the prescribed plunging motion of a
rigid body (Fig. 2). It follows that the equation for the shock
wave [Eq. (3)] may be written

() = 1 + Ref(2) cospeei*t 4- . . . a7
where

J@) = fie 4+ f2* + ...

Substituting Egs. (17) into Eqgs. (7) and equating the
coefficients of like powers of z to zero provides the required
boundary conditions at the shock wave for the unsteady
perturbed differential equations. In accordance with Egs.
(12) and (17) and the boundary conditions at the shock wave,
the perturbed solutions may be expanded as follows:

n&Em = [/ (CE + v lpu(mz + puz? + ... 1 (18a)

pu&m) = (L — BE)[puln)z -+ pu(ma® + ... 1 (18b)
(C + Bp)12

w(ém) = F(CE + lun(m)z + un(n)2® +...1 (18¢)
n(Em = {1/[En(CE + 9)2(1 — BEy2]} X

[rn(mz? + vp(et + ... 1 (18d)
wilEn) = e BTy +

CE + ™ — BEy”
wu(n)z2 + ... ] (186)

Substituting the above expressions into the unsteady per-
turbed differential equations and equating like powers of z
to zero results in a system of linear ordinary differential
equations in the following form:

) pl")plﬂ)uln)vln,wln) +
g1(1; Urnpr,Winer)  (192)

P’ = fi(1; PonyPonylion,Von, - - -

i pl")plﬂyuln;vln,wln) +
92(77; uln+l,w1n+l) (19b)

plﬂ, = f2(77; Pon, Pon,UonyVony - - -
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Uin" = f3(N; Don,Pon,Uon,on, - - - pln,Pm,um,vm,wln) (19¢)
> pln,Pln,ulmvlmwlﬂ) +

ga(n; Utnt1,Wingr)  (19d)

vln’ = f4(ﬂ; pOn,POn,uOn,DOn; PR

.y plmpln,uln’vln,wln)
forn =1,2... (19e)

wlnl = fﬁ(ﬂ; DPonyPonyUonyVony « -

Here the number of unknowns always exceeds the number
of the differential equations by two, i.e., Uin41 and Winp. In
the nth truncation,

uln+1,(77) =0, wln+ll(77) =0

It follows that ui.y and w41 can be either zeroes or con-
stants depending upon their influence to the perturbed solu-
tions. In the present case, it is evident that they exert a
strong influence and hence should be assigned some nonzero
constants. The method of finding them is given below.

First, if the shock parameters f, are known, then ui,4, and
Winy1 Just behind the shock wave are known also. Second,
in the limit of zero frequency the motion is physically equiva-
lent to a coordinate translation, hence, the perturbed solu-
tions should approach the steady-state solutions at the dis-
placed position, 7 = 7(2) + g(2) cospe. These two condi-
tions are sufficient to provide general criteria to estimate
what values may be assigned for Uint1 and win in Egs. (19).

Consider for the case n = 2. The boundary conditions
at the shock wave show that f, = 0 for n > 3. The differ-
ential equations state that wis and wys are independent of
and, hence, are independent of f. [Eq. (17)]. In evaluating
w13 and wys just behind the shock wave one need not consider
faforn > 3. Let the shock parameters fi and f> be multiplied
by two constants C; and Cs, respectively. One obtains s
and wy; just behind the shock wave

6 C ,
AN
[ue’ + a]-(Cif)) + ... (20a)
2 2C
Wiz = v+ 1[(20 —_1 - m) -(Cefe) —

(B+30) cem]+... em

Uz

If 413 and w3 in Egs. (19) be set equal to those given in the
preceding equations with C; = C, = 1, one finds that some
of the perturbed solutions on the body surface at zero fre-
quency exceed the steady-state solutions in the displaced
position by a maximum of about 8%. With C; = C> = 0,
the perturbed solutions are too small by about 12%. This
suggests that the perturbed solutions may be improved if
C, and C, are assigned some values between zero and one.
Initial guesses are adjusted in accordance with numerical
solutions so that at zero frequency one of the perturbed solu-
tions, say surface pressure, approaches the steady-state value
in a displaced position. At k = 0, the absolute magnitude
of py or prs (01 = pre + tpn and pn = 0 exactly) is less than
0.01 throughout the subsonic region (Fig. 9) and the con-
stants are found to be

Ci=10 C,=108 forB=0M, = 10*
Ci=051 Cy=10 forB= 1M, = 10*
Equivalently

uiz = —4.12f1 + 4.70f, w3 = 0.666f; for B =0
ws = —2.10f1 + 8.35fs w3 = —0.833f, forB =1

In finding C; and C,, one of them is more sensitively de-
pendent on the perturbed solution than the other. Let the
less sensitive one be set equal to unity, then the other can be
easily determined. Even when the values for €, and C; are
given only one significant figure, the resulting solutions at

1)

]
il
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zero frequency are greatly improved. By careful adjust-
ment much more accurate solutions are, of course, possible.
When the surface pressure improves, the other solutions,
such as the parameters, f., at the shock wave and other
variables, p,u,», on the body surface improve in proportion.
Hence, it does not matter which perturbed solution is used
for assigning the C; and C.. The results are the same. Fur-
thermore, for 0 < (C,,C;) < 1 there exists only one set of values
such that the above mentioned two conditions are both
satisfied. Thus, the solutions are uniquely determined.

Note that uis and wiz in Egs. (19) are slightly less than these
just behind the shock wave. This may indicate the nature
of rapid convergence of the series solution.

From the equation for the prescribed motion of a rigid
body, it is evident that the series truncation error depends
mainly upon the body bluntness parameter and is inde-
pendent of the frequency. In addition, the average value
for the velocity components, uiwi, just behind the shock wave
is slightly larger than that on the body surface at zero and low
frequency. This is also true at high frequency. The con-
stants C; and C; which are used to compensate for the devia-
tion of u; and w, in the higher approximation within the
shock layer can, therefore, be expected of the same order of
magnitude over the entire frequency range. Thus, the con-
stants determined for the zero frequency will also be valid for
all nonzero frequencies.

The boundary conditions on the body surface for the per-
turbed differential equations may be obtained as follows.
First, the velocity components [Eqgs. (18)] are substituted
into the boundary condition for the perturbed differential
equations [Eq. (10)]. Second, all variables are transformed
from the body surface to the constant  line passing through
the stagnation point. Third, the coefficients for like powers
of z are set equal to zero, that gives a set of algebraic equa-
tions which determines the f,.

By reverting the transformation, all solutions are trans-
formed from the mean position to the body surface. The
perturbed solutions are then obtained. For example, the re-
sultant surface pressure,

_ 2] Opo
Pb—po-i-(ﬂe‘an A’H"bg At 4+

P1 cospeetkt 4 |, } (22)
n=n0

where

An = (giz + g2° + . . . ) cospeeirt

1 - 3521 _ No1 [ (7702 — Bna _
Ak = C+ By & = C + Bno® b Mo
2Bnornez '\ , ]éﬂ
C+B17012)2 + ... 3

Py = [1/(C& + 70®)1[puz + (P12 + nospu’)e® + .. . ]

3.3 Lunging Oscillation

The equations for the lunging motion of the rigid body and
of the shock wave are; respectively, given by Fig. 3

GlEmL) =1 — [no+ Reg(fee* + ... 1 =0 (23)
and
F(é)"];t) =71 [1 + 0:\"e(j‘l +f2£2 + fsf“ + e )68“”] =0
(24)
where

g(&) = mo(l — BEHV2(C + Bye?)V%/ (CE* + no?)

Following the steps previously outlined for the case of
plunging, one finds in the second truncation that one of the
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3rd  TRUNCATION
0.7f
0.6}
EXACT SOLUTION
two extra unknowns, f3, appears in the boundary conditions (OR a#11.2)
at the shock wave and the other, ps, in the differential equa- 0.5f
tion for u. It is well known that for a blunt-body problem a 2nd  TRUNCATIO
minute local change of the shock wave shape affects the solu- a-0
tion significantly.!*? Here also the extra unknown f; is much 04r a=2
more important than ps; therefore, the latter may be set a =10
equal to zero and the former is determined as follows.
The shock wave function at the stationary displaced posi- 0.3 :
tion is obtained by setting ¢ = 0 and 9, = 1 in Eq. (23) some pomt
== - ‘lB 2 A 1 1 1 1 1
n=1+0-C+:Bf+ 0273 15 2.0 2.5 30 35

(C* + 3BC — BYS)tt + ... le (25)

Equating the coefficients of £ from Eqs. (24) and (25) one
may express f; in terms of fi and fz

fs = (C* + $BC — BY/8)-(Cify) —
[(C? + i1BC — B2/8)/(C + :B)1(C.fs) (26)

To remedy the variation in the unsteady oscillation two
unknown constants C; and C; have again been introduced.
The method of determining these two constants is similar to
that outlined for the case of plunging. That is, at k£ = 0, the
perturbed surface pressure approaches the steady-state solu-
tion in a displaced position.

4. Results and Discussion
4.1 Steady-State Solution

The steady-state solution is obtained by using an inverse
method of a given shock. The computation is carried out
to the third truncation. The parameter « is determined by
matching the surface pressures in the second and third
truncations in the neighborhood of the sonic point, (¢ = 0.7)
until they agree to four significant figures. It is found that
if these surface pressures agree to four figures at the sonic
point, then they agree to far more than four figures towards
the stagnation region. It is also found that by carefully ad-
justing the parameter o a still higher accuracy can be ob-
tained. Figure 4 shows a typical effect of o on the surface
pressure distribution in the second and third truncations.

When the differential equations are solved, « is initially
unknown. Therefore, each solution requires three or four
iterations. For a UNIVAC 1108 computer this usually re-
quires less than half a minute machine time. The rate of
convergence for the surface pressure in the first four trunca-
" tions is so rapid that inclusion of the fourth truncation does
not affect even the fourth place of the surface pressure results.
However, the calculation of the fourth truncation requires a
double-precision integration routine. ,

Perry' has summarized various analytic solutions of the
flowfield in the nose region of a steady-state blunt body at
supersonic speeds. Figures 5 and 6 are typical examples for
the surface pressure distributions. The methods of solution
used by these agencies differ from each other. For example,
AVCO, Massachusetts Institute of Technology (MIT),
Douglas 2, and Naval Weapons Laboratory (NWL) use the

X

Fig. 4 Variation of steady-state surface pressure with
a (M, = 10, B = 0, and v = 1.4).

one-strip Belotserkovskii method. General Applied Science
Laboratory (GASL) 3 is the time-dependent method of
Moretti. Forward-marching finite-difference methods are
used by NASA, Northrop, and Douglas 1. General Electric
(GE) uses the method of Gravalos. GASL 1 employs the
method of Vaglio-Laurin and Ferri. GASL 2 and Lockheed

I.O T T T
P, 3
0.9
% PRESENT METHOD
0.8 NOL )
GE
LOCKHEED
DOUGLAS 2
MIT
NWL
Q7 NASA
AVCO
DOUGLAS |
NORTHROP
0.6k GASL | 4
GASL 2
e EXPERIMENT
0.5 P sonic i
|
'
04 L +

0 02 04 0.6

Fig.5 Steady-state surface pressure (B, = 4, M= = 3, and
v = 1.4).
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Fig. 6 Steady-state surface pressure (B, = 9/4, M. = 3,
and v = 1.4).

use Swigart’s method of series truncation. Experimental
results have been obtained by Pasiuk at Naval Ordnance
Laboratory. It can be seen that for the case B, = 9/4 and
M, = 38, the present solution agrees with the results of five
agencies throughout the subsonic region; and for the case
B, = 4and M., = 3, the solution agrees with four agencies and
nearly matches experiment.

Table 1 tabulates the numerical solution for M., = 104
B =0, and v = 1.4. Also listed are solutions by other
methods,? including the well refined technique of Lomax and
Inouye, the fourth truncation of Van Dyke extrapolated using
Shank’s transformation, the fifteen-term rational approxima-
tion of Moran, and that of Batchelder. All of these solutions
are claimed to be accurate up to the fourth significant figure

0,4 T T v 0.2 T T - T
EXACT SOLUTION — =
AT K=0 8=0
fr % Mw = 104
r=14
0.3} 4 A5h
K=0
K= L0
y K=03
C K= 05
R B ok 4
) K= 1.0 K=03
o.i g 05 4
K=0
[o] 0.2 04 I3 0.6 o 0.2 (o X} ¢ 08

Fig. 7 Shock amplitude in plunging.
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Table 1 Numerical solution® for M,, = 104, B — 0,

and y = 14
3 z r Do

Second truncation 0.0 0.09898 0.0000 0.91969
0 =  0.89557 0.2 0.12157 0.1785 0.86104
ne = —0.07576 0.4 0.18807 0.3541 0.71771
pu = 0.73766 0.5 0.23700 0.4405 0.63467
Poz = —0.44694 0.6 0.29599 0.5258 0.55352
0.7° 0.36484 0.6103 0.47856
0.8 0.44344 0.6942 0.41199
Third truncation 0.0 0.09898 0.0000 0.91969
oL = 0.89557 0.2 0.12158 0.1785 0.86089
ne = —0.07573 0.4 0.18831 0.3540 0.71751
s = —0.01510 0.5 0.23749 0.4401 0.63456
pn = 0.73766 0.6 0.29683 0.5252 0.55351
Pn = —0.45100 0.7° 0.36612 0.6094 0.47863
Doz =  0.00140 0.8 0.44519 0.6927 0.41209
Van Dyke’s solution 0.09897 0.0000 0.91968
0.14856 0.2671 0.79596

0.23606 0.4410 0.63501

0.36604 0.6094 0.47864

Moran’s solution 0.09898 0.0000 0.91969
0.16444 0.3065 0.76202

0.26733 0.4875 0.59022

0.35046 0.5920 0.49377

Batchelder’s solution 0.09898 0.0000 0.91969
0.15559 0.2853 0.78063

0.25120 0.4641 0.61263

0.37444 0.6185 0.47078

Lomax and Inouye’s solution 0.0989 0.00 0.9198

0.1535 0.28 0.7853

0.2354 0.44 0.6361

0.3948 0.64 0.4528

% o = 11.181.
b Near the sonic point.

throughout the subsonie region.® The present solution for
the surface pressure agrees with them in more than four
figures at the stagnation point and in more than three figures
at the sonic point. But the present solution for the body
contour is slightly less accurate at the sonic point.

For the case M, = 104, B = 0, and v = 1.4, the parameter
« = 11.181 and two singularities are located at £ = +0.925¢
and g = 0.89557 (oratz = 0.57 = Oand z = —1.158r = Q)
which are slightly less than Van Dyke’s prediction that £ =
+1. - For other cases the locations of the singularities
are listed in Table 2. For an infinite Maeh number the
singularities are located both inside the body and upstream,
but for large B and low Mach number the singularities are
inside the body only.

4.2 Unsteady Perturbed Solution

The unsteady perturbed solution is obtained by using a
direct method of a given body which is found from the steady-

Table 2 Locations of singularity

Upstream Inside body

M, B v T r z r
10¢ 0 2.0 —-0.88 0.00 0.50 0.00
10¢ 0 5/3 —1.04 0.00 0.50 0.00
10¢ 0 1.4 —1.16 0.00 0.50 0.00
104 0 1.1 -1.51 0.00 0.50 0.00
10¢ 0.5 1.4 —-3.85 0.00 0.20 0.00
6 0.47 1.4 —4.18 0.00 0.33 0.00
6 1.0 1.4 none 1.0 +0.05
3 2.25¢ 1.4 none 0.65 =£0.58
3 4.08 1.4 none 0.44 +0.89

@ Bluntness for the body surface.
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Table 3 Error of the shock function f(3)

B =0 B =1
z2=20 z = 0.7% z=10 z = 0.5
Plunging —0.019 —0.007 0.001 0.039
Lunging —0.004 —0.082 —0.006

—0.037

¢ Near the sonic point.

state solution. The computation is carried out to the second
truncation. In the unsteady perturbed solution, the most
important function, besides the surface pressure, is the
shock wave function f(z). Here the surface pressure has
been used for assigning the constants C; and C, [Egs. (20)].
Therefore, the function f(z) might be used as a test for the
accuracy of the present solution. In the limit of zero fre-
quency, the physical motion of the blunt body corresponds to
a coordinate translation, therefore, the function f(z) obtained
from the unsteady perturbed solution should approach that
from the exact steady-state solution.

Setting k = 0 in the unsteady perturbed differential equa~
tions for the case M., = 10%and v = 1.4 (Figs. 7 and 8) yields

f&) = 0981z — 09690z + ...

for B = 0 in plunging (27a)

fz) = 1.001z 4 0.15532% 4- . . .
for B = 1 in plunging (27b)

fz) = 09964 — 1.079022 + . ..
for B = 0 in lunging (27¢)

f(z) = 0.9936 — 0.60682% 4 . ..
for B = 1in lunging (27d)

Setting 70 = 1 in the function g(£) of Egs. (2) and (23) and
expanding in powers of £ gives

g = £— 4+ ... for B = 0in plunging (28a)
g(§) = £ for B = 1 in plunging (28b)
g®) =1~ £ 4+ ... for B = 0in lunging (28¢)

g =1 —05£ 4 ... for B=11inlunging (28d)

Note that at 7o = 1, £ = 2z and ¢g(§) is the exact solution of
the function f(2), hence

[ — g(8)1/g(§) = error of the f(2) (29)

Table 3 shows that the error of the shock function f(2) is of
the same order of magnitude as that for the perturbed sur-
face pressure, p1. As mentioned before the error of the p;
at the high frequency is of the same order as that at zero

. : T T v
1.0 EXACT SOLUTION 1 o5} B=0 . 4
Mg, = 10
fr fi Y= L4
oal J
. o3} J
K= 1.0
0.2
K=05
oz} _ ol K=0.1
K= 0
) . . A .
0.0 02 o4 . 0 00 02 o4 o8

Fig. 8 Shock amplitude in lunging.
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Fig. 9 Unsteady surface pressure parameter in plunging.

and low frequency. Since the f(z) and p; are mutually de-
pendent, the same conclusion must be applied for the f(z).

Tt is well known that the quasi-steady Newtonian solution
is valid only at very low frequency.!? In the rational theory
of hypersonic flow, the Newtonian solution must be corrected
for the flow variation within the shock layer. For the steady
case the flow along the stagnation streamline may be con-
sidered as one-dimensional flow. In this case it is concluded
that the Newtonian pressure should be multiplied by a factor
0.9097 for v = 1.4 (Fig. 9). For the unsteady case such a
factor is not easily computed. However, a factor may be
obtained by arbitrarily matching a Newtonian solution to the
present solution at some particular point and at a particular
frequency; for example, the stagnation point for lunging and
the neighborhood of the sonic point for plunging at k = 0.5.
Once the factor is found, all perturbed pressure functions are
multiplied by it (Figs. 9 and 10). Using this method Ken-
net’s constant-density solutions are replotted. Both solu-
tions agree in general trend with the present solution, al-
though the constant-density solutions agree better near the
sonic point.

1.0 . ~ 1o : : v
PRESENT SOL
P ~--—— KENNET SOL
L NEWTONIAN soL | 'l Kel0 4
o8f Mw=10000. |  O-8[~===:: -
B0
osf .
oa -
02 - .
) 02 04 g 06 o o2 04 g 08

Fig. 10 Unsteady surface pressure parameter in lunging.
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A Turbulent Boundary Layer with Mass Addition,

Combustion, and Pressure Gradients

J. W. JoNEs*
The Ohio State University, Columbus, Ohio

AND

L. K. IsaacsoNt AND S. VREEKE]
University of Utah, Salt Lake City Utah

A subsoniec turbulent boundary layer with mass addition and combustion is studied to in-

vestigate the effects of combustion on the velocity profiles in constant pressure and accelerat-
ing flows. Particular attention is given to determining 1) the extent to which combustion
alters the flow and 2) the mechanisms whereby combustion interacts with the flowfield. The
experimental results obtained in this study demonstrate that combustion significantly alters
the velocity profiles in both constant pressure and accelerating flows. The wall velocity
gradients in the combusting flows differ markedly from those of noncombusting flows and
show a definite dependence on the pressure gradient. Additionally, the velocity in the flame
region of an accelerating flow actually exceeds the freestream value. Analytical results indi-
cate that the experimentally observed changes in the velocity profiles are attributable to the
temperature dependence of the local mean density and molecular viscosity. A method of
calculating the velocity in a combusting turbulent boundary layer is also presented. Cal-
culated and experimental velocity profiles are compared.

Nomenclature

van Driest parameter, A (7w, pubw,dp/dz)
velocity ratio u/u.
mass injection ratio pytw/ov

4
f/
F
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p = pressure
u,v = flow velocities
2,y = physical eoordinates

8 = boundary-layer thickness

dr = flame zone position

e = eddy viscosity

& = transformed coordinates
6 = momentum thickness

» = molecular viscosity

v = kinematic viscosity

p = density

v = shear stress

Introduction

OMBUSTING boundary layers are encountered in a num-
ber of flow environments of current interest and the need

to understand heat, mass, and momentum transfer processes
in these environments has stimulated a number of theoretical
and experimental studies of this phenomenon. However, re-
view of the literature! has indicated that the bulk of these
studies have considered laminar boundary layers and only
relatively few have investigated turbulent boundary layers.



